Genetic Programming has been used to determine Chè zy resistance coefficient for full circular corrugated channels. Three corrugated plastic pipes have been experimentally studied in order to generate data. The tests aim at measuring hydraulic parameters of the open-channel flow for some slopes, from 3.49-17.37% (2-10°), in order to discover the dependence of the channel resistance coefficient when wake-interference flow occurs. The monomial formula for the Chè zy resistance coefficient performs well on experimental data, both from measurement errors and from a technical point of view. In this paper, we present some very parsimonious formulae that have been created by Genetic Programming with few constants and which fit the data better than the monomial formula.
INTRODUCTION
Three artificially corrugated channels have been experimentally studied. Laboratory tests aim at determining the Chè zy resistance coefficient. For this reason, about fifteen discharges and flow depths have been measured at slopes from 2-10°. In fact, it is observed that in this range of slopes wake-interference flow occurs and that the Chè zy resistance coefficient is a function of the hydraulic radius, channel slope, roughness-elements longitudinal spacing and height (Giustolisi 2001) .
The wake-interference flow, also referred to in Morris's theory (Morris 1955 (Morris , 1959 as hyper-turbulent flow, is caused by the particular channel surface that is constituted by macro wall-roughness elements which have constant longitudinal spacing and height along the pipe.
In hyper-turbulent flow, these roughness elements generate vortices which interfere with each other. Therefore, from a technical viewpoint, the hyper-turbulent flow is interesting because of the abnormal turbulence along the channel wall-roughness elements which generates additional dissipations, with respect to traditional rough channels, that cause a decrease of the average velocity of flow. This phenomenon is useful in drainage networks installed on sloping soils where usually the use of chutes to dissipate energy implies a higher cost of the project because they substitute standard manholes and, moreover, the installation of pipes has higher excavation costs compared to the situations in which it is possible to set pipes more or less at the same slope as the ground surface itself. Therefore, it is very interesting to set up a formula for the resistance coefficient that, starting from its traditional expressions, is able to demonstrate the role of the roughness index, ratio of the height to longitudinal spacing of the roughness elements and slope in corrugated channels.
For this reason, Genetic Programming (GP) is used as a tool to explore the domain of the resistance coefficient formulae that fit the experimental data well. Then, the user of GP has to select by means of input parameters the area of the domain where the machine must perform evolutionary searching of formulae that fit the data well and, finally, he has to choose the best formulae both from the fitting and the physical point of view.
In this way, GP allows us to use the knowledge based on data by means of the integration of 'human' physical insight and computer capability to explore the domains of the formulae.
DESCRIPTION OF EXPERIMENTAL TESTS AND HYDRAULIC PROBLEM
Artificially corrugated plastic pipes have been tested to slow down the open-channel flow in very steep culverts (Shipton & Graze 1976) . Tests have been carried out at the Hydraulic Laboratory of the Technical University of Bari in Italy. Experimental data show a strong slow down of the average velocity of flow with respect to commercial rough pipes (Giustolisi 2001) .
Good technical results make it interesting to determine the functional dependence for the Chè zy resistance coefficient in corrugated channels. Then experiments have been performed on three corrugated pipes. Therefore, this work concerns the setting up of a formula based on experimental data from three different corrugated channels.
Actually, experiments on corrugated pipes or largescale roughness in channels of non-circular section already exist (Streeter 1936; Powell 1944; Morris 1955; Perry et al. 1969; Marone 1970; Shipton & Graze 1976; Pyle & Novak 1981; Ead et al. 2000) , but a formula for the Chè zy resistance coefficient for corrugated circular channels does not exist.
Experimental facility and set-up
A closed circuit hydraulic apparatus of a rectangular channel of about 30 m in length with variable slope, see Table 1 ).
The profile of the flowing fluid is measured through transparent and easily removable lids in the pipe. A hopper, located upstream of the rectangular channel, conveys water into the corrugated channel. Water enters the hopper through a large upstream case. The flow at the end of the pipe overflows into the large downstream case which discharges into a reservoir below. A pump carries the flow from the reservoir to the upstream case, closing the hydraulic circuit, see Figure 2 . Actually, two pressurised pipes carry the water to the upstream case; the smaller pipe has an internal diameter of 155 mm while the larger one has an internal diameter of 300 mm. Each contains an orifice to determine the discharge. The pipes contain valves which divert the flow into the appropriate orifice that is selected considering the discharge range (see Giustolisi (2001) for more details).
Measurements
For each slope, about fifteen measurements have been done of both the discharge and flow depth for the three channels.
Then, 379 data values of hydraulic parameters have been collected; they correspond altogether to three values of the roughness index and to nine values of the slope. The measurement of each discharge has been performed by setting the filling level at about 20%, gradually increasing up to 80%, so covering a large range of Reynolds numbers, velocities and associated hydraulic parameters. During tests, down-flow scales have been plotted in real time, as well as the average velocity of flow and other hydraulic parameters, in order to better control the experiments and to avoid possible coarse errors. For this reason, the maximum estimated percentage error on flow depth and discharge measurements have been respectively less than 2% and 1%. Finally, slopes have been measured by means of a plumb line and the total error has been found to be absolutely negligible (see Giustolisi (2001) for more details).
Hydraulic notes
In open-channel uniform flow, the average velocity of flow, V, is related to resistance coefficient by (Yen 2002) 
In particular, the Darcy-Weisbach formula is derived from the pressurised pipes with the position 4R = D,
where h f = frictional loss; L = length of the pipe; R = Reynolds number; K = relative roughness; F = functional.
K is equal to the ratio between k S = equivalent surface roughness and the hydraulic radius R. In summary, if fully turbulent flow occurs in our corrugated channel, it is expected that the Chè zy resistance coefficient is an increasing function of R, the Weisbach resistance coefficient is a decreasing function of R and n is constant. Then, at different slopes and fixed R, it is expected that C and f are constant.
Moreover, it is well known that fully turbulent flow occurs when the following inequality holds (French 1983) :
where u* = shear velocity; h S = roughness height; n = m/r = kinematic viscosity; m = viscosity of the fluid; r = density of the fluid. In our pipe, Equation (5) allows us to estimate if fully turbulent flow occurs from the measured data, the hydraulic radius derived from the flow depth, the slope and the artificial roughness height.
Morris's wake-interference flow
Our corrugated channels showed a physical behaviour different from normal commercial rough pipes. This behaviour is caused by the wall-roughness elements on the pipe surface which have a constant longitudinal spacing and height. Moreover, the elements are macroscopic, having a radial height of 5.5, 6.5 and 7 mm. It is to be remembered that the Colebrook-White formula for full circular pipes (Colebrook & White 1937; Colebrook 1939; Yen 2002) : Morris (1955, 1959) describes three regimes of flow that can originate in corrugated pipes. One of these explains very well our corrugated channel behaviour at slopes higher than 3.49%.
It is wake-interference flow that occurs at high The former region has a logarithmic velocity distribution, while the latter has a more flattened one, due to the intense flow mixing (Shipton & Graze 1976) which is given in logarithmic form in Morris's hypothesis. For this reason, Morris (1955) writes the expressions
+ ψ ln ( 
where log = decimal logarithm; R w = Reynolds wall number calculated by roughness longitudinal spacing; and f is an additive function due to the hyper-turbulent flow.
It is stressed that, d S /h S being constant in our pipe, R w is proportional to the value h S u*/n of Equation (5).
The first of Equations (8), i.e. adopting k = 0.40 and
Actually, Morris uses the pipe radius because he is concerned with corrugated pipes more than with channels.
For this reason, the pipe radius is substituted by 2R
and Equation (9) For this flow regime, the hydraulic parameters must be correctly computed with reference to a datum at the crests of the roughness elements. (2) and (4), does not depend on R alone as in fully turbulent flow (Giustolisi 2001) . Then the study of the dependence of C has been carried out starting from the dimensionless expression of C in Equation (4) in rough channels adding to the function in Equation (3) for the dependence on S that is shown by our tests (Giustolisi 2001) :
Range of hydraulic parameters and experimental monomial formula for Ché zy resistance coefficient
Actually, being the equivalent surface roughness constant in our tests, the dependence of K = k S /R in Equation (10) means a dependence on hydraulic radius. Therefore, the selection of a monomial formula for the Chè zy resistance coefficient makes for easy parameter estimation and it Table 3 reports the fitting properties of Equation (11) according to AVG (Average error), CoD (coefficient of determination) and RMS (root mean squared error) error functions: where X is the dimensionless Chè zy resistance coefficient, Cadim, of Equation (4).
The monomial formula of Equation (11) fits sufficiently well the data but it has some limits:
1. It has four parameters, but a more parsimonious 
GENETIC PROGRAMMING APPROACH
A Genetic Algorithm (GA) is a machine learning paradigm which derives its behaviour from a metaphor for the processes of evolution in nature. This is done by the also plays a role in this process, though it is not the dominant role that is popularly believed to be the process of evolution, i.e. random mutation and survival of the fittest. It cannot be stressed too strongly that GAs (as a simulation of a genetic process) do not perform a random search for a solution to a problem. GAs use stochastic processes, but the result is distinctly non-random (better than random).
GP is the extension of the genetic model of learning into the area of programs (Koza 1992) , i.e. formulae for the Chè zy resistance coefficient in our case. That is, the objects that constitute the population are not fixed-length character strings that encode possible solutions to the problem at hand. In our case, they are symbolic regressions that, when executed, are the candidate solutions to the Chè zy resistance coefficient modelling problem. These symbolic regressions are expressed as parse trees of variable length. The formulae in the population are composed of elements from a function set, a terminal set and constants. The function set is selected by the user and, in our case, it is related to the choice of function types that are candidates to play a role in the symbolic regression. The terminal set is composed by inputs or constants that are arguments of the function set.
In this work, GP is used in the hydraulic field (Babovic where GP must search the best. GP searches, in an evolutionary manner, formulae that better fit the target data.
The user is free to select the cost function to measure fitting.
Naturally, selection of a function set limits the searching area in the space of formulae by physical choice. The choice of natural logarithm, product, ratio and power in the function set is supported by formulae given in
Equations (8) and (11).
Moreover, a so-called dimensionally aware GP (Keijzer & Babovic 1999 ) has been used and, therefore, dimensional information of d S and h S have been used while the hydraulic radius R has been treated as dimensionless, as explained above. In fact, the geometric factor k S , describing the micro-roughness of the three pipes, should be constant and therefore it does not affect the functional dependence of Cadim. Dimensional information in GP acts as a human preferential bias (Keijzer & Babovic 1999 ) that supplies good results in improving GP exploration without limiting the search area.
On the maximum length of the parse tree, two approaches have been tested. In the first approach GP has been forced to find a formula that is no longer than Equation (11). Therefore we have chosen the maximum length of the parse tree equal to 20, see Constant mutation probability 0.9 Crossover rate 0.9
Self-crossover 0.3 Subtree mutation probability 0.3
Swap mutation rate 0.3 Constant probability 0.5 functions has been calculated by the whole set of data.
Subsequently, in the second approach cross-validation has been performed and we have chosen the maximum length of the parse tree equal to 30, see Table 4 , because of use of the overfitting avoidance technique.
On cost functions, after the first experiments where RMS or CoD has been used to calculate the fitness without getting results, the choice to simultaneously optimise RMS and CoD, using a Pareto front, supplied the best results.
On the other parameters of GP, the choice of performing a lot of experiments with one thousand runs, high mutation, crossover, constant probabilities, population size and number of children provided good results. However, the opposite choice of fewer experiments with higher numbers of runs and low mutation, crossover and constant probabilities did not work well: see some input parameters of GP in Table 4 .
Finally, the second approach seems to require a smaller number of generations to run in order to provide results.
RESULTS AND DISCUSSION

Results without cross-validation (first approach)
Tables 5 and 6 report the best GP formulae that it has supplied during the 120 experiments. The values of the constants of the formulae in Table 6 are not equal to those of the formulae in Table 5 -the original hypothesis from GP-because the formulae are re-optimised by traditional nonlinear least squares, LSQ, using as the initial search point the constant vector x(i) of Table 5, to give a 'mathematical post-refinement' of the results. This post-refinement generally improves the formulae from the point of view of all statistical coefficients. The exception is formula no. 83, which appears to be worse for AVG -%, but this is possibly because, actually, LSQ optimises the RMS cost function. From Table 6 , the six formulae generally perform better than the monomial of Equation (11) and GP confirms the dependence of the Chè zy roughness coefficient on R, S, d S and h S . Moreover, Table 6 shows that GP supplies five formulae having two constants, compared to four constants of the formula in Eq. (11).
Also, if GP supplies two constants x(i) in the last five formulae, a deeper post-refinement of GP results is tried by adding parameter x(3) to be estimated by LSQ optimisation. Values in Table 6 near unity of x(3) indicate that the five formulae do not need a constant x(3).
In conclusion, GP generally supplies formulae that, after mathematical post-refinement, generally fit experimental data better than the monomial formula, but in a more compact way and including geometrical information about the roughness index in a different way.
Selection of the best formula
From the formulae reported in Table 6 , no. 99 has been selected as it performs better than the monomial formula, see Figure 3 and the comparison of AVG -%-RMSCoD -% in Tables 3 and 6 . It is also characterised by a structure that has some aspects that will be useful.
In fact, the two formulae, Equation (11) and experiment no. 99, have similar structures, but they differ in the way in which the geometric roughness index acts in it: 
Cadim_GP ≠ S 5.449 ‫‬ 10
as an exponent of the constant term, hydraulic radius and slope in the GP formula, and as an isolated term in the monomial expression. Starting from the second of Equation (12), we can write
which is more suitable from a physical point of view because the exponent of the hydraulic radius should tend to 1/6 and the exponent of the slope should tend to zero, as already correctly indicated in Equation (13), when h S is negligible with respect to d S , see Equation (4). Optimising by GA the vector x(i) in Equation (13), we finally obtain
that has AVG -% = 2.5458% RMS = 0.2955 CoD -% = 87.1353%. This last 'physical post-refinement' of the GP formula does not degrade much the fitness properties while it introduces a physical insight into the formula for the Chè zy roughness coefficient.
It is clear that both the formulae in Equation (14) and the GP formula in Equation (12) Despite this fact, the two formulae of GP are very interesting because they explain the effect of the geometry of the macro-roughness more clearly and both of them are more parsimonious than the monomial formula.
From a technical point of view, we can consider the use of either the second of Equation (12) and Equation (14) or the monomial formula that fit more or less equally well in the range of the experimented roughness indexes. Out of this range, we believe that the formula in Equation (14) is to be recommended because it fits sufficiently well the experimental data, it is parsimonious and it is physically interpretable. In fact, the presence of the roughness index is the physical condition that generates wake-interference flow and this varies the traditional dependence on hydraulic radius of the Chè zy resistance coefficient in a rough pipe, see Equation (4), and causes the increase of the f-R curves in the Moody diagram, and therefore the dependence on slope S (Giustolisi 2001) .
Results with cross-validation (second approach)
When cross-validation is performed, GP supplies formulae that have in general a less parsimonious structure, due to the higher value of the maximum length of the parse tree, without good fitting properties. Here we report the best fitting formula ϩ 20.2005 (15) that, despite this, is very short and fits well the whole set of data (AVG -% = 2.4496% RMS = 0.2499 CoD -% = 90.7957%). However, there is no evidence that this result is strictly related to the use of cross-validation because, for example, experiment no. 83 in Table 5 is quite similar and Equation (15) Moreover, re-writing the first of Equation (8) thanks to the equalities in Equations (2) and (10):
We can compare Equations (16) and (17) in order to stress the fact that GP has supplied a formula similar to the theoretical one where k = 0.534, a physically compatible value considering its dependence on the roughness of the channel as mentioned above, and d S is substituted by h S .
Naturally, it is possible to find the ratio R/d S in Equation (16) by means of mathematical manipulation based on logarithmic properties, but Equation (16) is the most parsimonious structure.
In conclusion, Equation (16), as well as Equation (14) 
GP: DATA-DRIVEN TECHNIQUE OR MORE?
A common framework to classify modelling techniques divides them into three categories:
• white box, i.e. completely physically based models, whose mathematical structure and parameters are previously known;
• grey box, i.e. conceptual models, whose mathematical structure is known from physical insight or conceptualisation, but whose parameter estimation is needed by means of data;
• black box, i.e. data-driven models, whose mathematical structure and parameters are not previously known and data are needed to determine both a mathematical structure and parameters.
The above classification is not exhaustive but it is useful for our discussion. It demonstrates the fact that white box models theoretically do not need to monitor data information, while grey box and black box models use this information at different levels.
The problem in the use of data is that they have a limited information content, i.e. we have sparse points in the domain of the model (the curse of dimensionality) that are corrupted by noisy measurements and secondary physical effects whose input is not known. Highly flexible data-driven models tend to fit noisy data, that is they are generally able to fit training data well but this, called overfitting, causes poor generalisation properties (the model is not able to predict unseen data).
For this reason, the aim is to improve modelling by means of other physical information about the mathematical structure of the model, that is shifting from completely black box models toward grey box ones. In this way, the same information content of the data is used to determine fewer characteristics of the model. In summary, we believe that, strictly speaking, GP is a data-driven technique, but prior knowledge during the setting up of the evolutionary search and final physical post-refinement (Keijzer & Babovic 2002) of the hypothesis should make it very close to a white box technique, especially when GP is used in scientific discovery problems.
CONCLUDING REMARKS
GP (Babovic 1996; Babovic & Abbot 1997; Davidson et al. 1999; Babovic & Keijzer 2000; Babovic et al. 2001 ) has been applied to the determination of the Chè zy roughness coefficient for corrugated channels in wake-interference flow, i.e. hyper-turbulent flow (Giustolisi 2001) .
The novelty of this application is that the author, more trained in the specific hydraulic problem, takes advantage of the knowledge discovery technique based on his integration with GP to improve the Chè zy resistance coefficient formula with respect to the monomial one. It is notable that GP quite easily and quickly supplies at least two good formulae that fit the experimental data better and are more parsimonious than the monomial formula.
Moreover, GP has supplied six parsimonious expressions (one or two constants compared to four for the monomial formula) for the Chè zy resistance coefficient, all confirming the dependencies on hydraulic radius, slope and roughness index. Therefore, the work seems to indicate that this approach, which combines data-mining techniques together with a theoretical understanding, provides very good results. In fact, Equations (14) and (16) Morris (1955 Morris ( , 1959 k a = resistance function in Morris (1955) j = slope of logarithmic velocity distribution in the hyper-turbulent region in Morris (1955) .
